Abstract. We call a positive definite Hermitian lattice regular if it represents all integers, which can be represented locally by the lattice. We investigate binary regular Hermitian lattices over imaginary quadratic fields Q( √ −m) and provide a complete list of the (normal) binary regular Hermitian lattices.
introduction
Mathematicians or number theorists have been pursuing, for a long time, an algorithm to check whether a given Diophantine equation has a solution without solving the equation directly. A basic method to do this is to investigate the behavior of the residues modulo some numbers. This method may show the insolvability of a Diophantine equation. But, it is still considered to be a hard problem to determine when this method guarantees the solvability.
Dickson first called a positive definite quadratic form f regular if f = n has an integral solution for each n such that f ≡ n (mod m) has solutions for all positive integers m. He computed all regular forms x 2 + ay 2 + bz 2 , as a generalization of the famous unsolved problem, Euler's idoneal number a admitting x 2 + ay 2 to be regular [5] . Jones extended Dickson's results to the form ax 2 + by 2 + cz 2 [13] . His work contained a candidate and it was immediately solved by himself and Pall [14] .
The outstanding result about regular quadratic forms was achieved by Watson. He showed that there are finitely many equivalence classes of primitive positive definite regular ternary quadratic forms [22] , [23] . The complete list of 913 regular ternary forms including 22 candidates was given by Jagy, Kaplansky and Schiemann [12] . On the contrary, Earnest found an infinite family of regular quaternary forms [6] and the first author carried out the determination of all regular diagonal quaternary forms [15] .
The regularity of integral quadratic forms is naturally generalized to that of lattices over totally real algebraic number fields. Recently the analogue of Watson's finiteness result for regular positive definite ternary quadratic lattices over the ring o of Q( √ 5) was proved [2] . Regular Hermitian lattices over imaginary quadratic fields are defined in a similar way. If a Hermitian lattice represents all positive integers, it is trivially regular. We call such lattices universal. The universal Hermitian lattices were concentrative subjects studied by many mathematicians including the authors in the last couple of decades [7] , [10] , [16] , [17] .
The regular Hermitian lattices were also investigated and the finiteness of binary normal regular Hermitian lattices was proved by Earnest and Khosravani [8] . Besides, several binary regular Hermitian diagonal lattices including a candidate 1, 14 over Q( √ −7) were listed by Rokicki [21] . But the inventory was limited to the diagonal lattices, that is, a 1 v 1 ⊥ a 2 v 2 with two ideals a 1 , a 2 ⊆ o and two vectors v 1 , v 2 . The obstruction against studying Hermitian lattices was that the matrix Date: Received: date / Accepted: date. 2000 Mathematics Subject Classification. Primary 11E39; Secondary 11E20, 11E41. presentation was unprovided. The authors, however, developed the formal matrix presentation and were able to delve into universality and regularity of Hermitian lattices. So we obtained a complete list of positive definite binary normal regular Hermitian lattices including nondiagonal lattices with complete proofs. Rokicki's lattice 1, 14 over Q( √ −7) is proved to be regular. To do this, we developed a new method to calculate numbers represented by a quaternary quadratic form. The binary subnormal regular lattices will appear in the next articles.
Preliminaries
In this section we give some notations and terminologies, which are adopted from [11] and [19] . Let 
For brevity, we write H(v) = H(v, v).
A Hermitian lattice L is defined as a finitely generated o-module in the Hermitian space V . From condition (1), we know that
H(v) = H(v, v) = H(v, v) = H(v).
Hence H(v) is always a rational integer. If a = H(v) for some v ∈ L, we say that a is represented by L and denote it by a → L. If a cannot be represented by L, we denote it by a → L. Through this article, we assume that L is positive definite, i.e., H(v) > 0 for nonzero vectors v ∈ L.
The localization of a lattice L is defined by
If n → L p for all primes p including ∞, then we write n → gen L. The regularity of a Hermitian lattice L can be rephrased as follows: if n → gen L, then n → L. Thus if the class number of L is one, then L is trivially regular.
If a regular lattice L is locally universal over o p for all prime ideals p, then L is universal. Since all universal Hermitian lattices are already classified [7] , [10] , [17] , we only consider nonuniversal regular lattices through this article.
We define two ideals related to values of H. The norm nL of L is the o-ideal generated by the set {H(v)|v ∈ L}. The scale sL of L is the o-ideal generated by the set {H(v, w)|v, w ∈ L}. It is clear that nL ⊆ sL. If nL = sL, then we call L normal. Otherwise, we call L subnormal. We investigate normal lattices in this article.
The lattice can be written as
with ideals a i ⊂ o and vectors v i ∈ V . If these vectors are linearly independent over Q( √ −m), then we say that L is a n-ary lattice and rank L = n. The significant invariant of L is the volume defined as vL = (a 1 a 1 )(a 2 a 2 ) · · · (a n a n ) det(H(v i , v j )) 1≤i,j≤n .
Note that this ideal is invariant for equivalent lattices, i.e., vL = v(φL) for an isometry φ and the volumes of sublattices are contained in vL.
If L is a free o-module, then we can write [19, 81:5] . Since any ideal in o is generated by at most two elements, we can write L = ov 1 + · · · + ov n−1 + (α, β)ov n for some α, β ∈ o. Therefore, we consider the following (n + 1) × (n + 1)-matrix as a formal Gram matrix for L:
Note that this matrix is positive semi-definite, but this represents an n-ary positive definite Hermitian lattice. A scaled lattice L a obtained from the Hermitian form H L a = aH L with a ∈ Z. If M is a matrix representation of a lattice L, we write aM for the matrix representation of a scaled lattice L a . If the (formal) Gram matrix (a ij ) is called Minkowski-reduced if it satisfies the following conditions:
(1) a ii ≤ a jj for i < j, (2) a ii ≤ |2a ij,1 | and a ii ≤ |2a ij,2 | for a ij = a ij,1 + ωa ij,2 with i > j. A Hermitian lattice is defined over Z[ω] and an algebraic integer is of the form x + yω. So we can define values of 2n-ary quadratic form H(x 1 , y 1 , . . . , x n , y n ) over Z as values of n-ary Hermitian form H(x 1 + y 1 ω, . . . , x n + y n ω) over Z [ω] . We call this quadratic form associated with the Hermitian lattice [7] . It is sometimes convenient to consider the associated quadratic lattice instead of the Hermitian lattice. To distinguish the associated lattice from the original one, we use the subscript Z. For instance, the quadratic form 1, 1, 1, 1 Z is associated with the Hermitian form 1, 1 over Z[ √ −1]. We abuse both terms quadratic forms and quadratic lattices. So we might say that a quadratic form has a sublattice.
Watson transformation
For a positive integer t and a Hermitian lattice L, let Λ t (L) = {v ∈ L|H(v, w) ≡ 0 (mod t) for all w ∈ L}.
Let the Watson transformation λ t (L) of L be the lattice defined by
where a is the maximal positive integer which divides all elements of {B(v, w)|v, w ∈ Λ t (L)}. If L is regular, then λ t (L) is also regular [24] , [3] .
Throughout the remainder of this article, L will always means an o-lattice on a positive definite binary Hermitian space over E = Q( √ −m), where m is a positive integer. We may assume that all lattices L under discussion are primitive, since if a lattice is regular, then so is any multiple of that lattice. Let p be a rational odd prime and p = p(p) be a prime ideal over p in the ring o of integers. Let q be a dyadic prime ideal of o. In convenience, if L p(p) represents an element n of Z p then we say that n → L over Z p . In the dyadic case, we say that n → L over Z 2 . The following lemma will be useful for later discussion. Lemma 1. Let L be a primitive normal binary Hermitian lattice. Then L p is isometric to ǫ, ǫ ′ p k for some nonnegative integer k and units ǫ,
Proof. Since L is primitive normal, L p is isometric to ǫ, ǫ ′ p k for some nonnegative integer k and units ǫ, ǫ ′ of o p . We may assume that any unary o p -lattice is not isotropic. Otherwise L p represents all elements of Z p .
If (p, m) = 1 and p = po, k = 2ℓ + r for some ℓ ∈ Z and r = 0, 1, then, λ p 2ℓ (L p ) is isometric to ǫ, ǫ ′ p r . Since the Hermitian lattice ǫ, ǫ ′ p r over o p provides the associated quadratic lattice ǫ, ǫm, ǫ
Since the Hermitian lattice ǫ, ǫ ′ p provides the associated quadratic lattice ǫ, ǫm, ǫ
Since the Hermitian lattice ǫ, ǫ ′ over o p provides the associated quadratic lattice ǫ, ǫm, ǫ
Lemma 2. Let L be a primitive normal binary Hermitian lattice. Then L q is isometric to ǫ, ǫ ′ 2 k for some nonnegative integer k and units ǫ,
Proof. Since L is primitive normal, L q is isometric to ǫ, ǫ ′ 2 k for some nonnegative integer k and units ǫ, ǫ ′ of o q . If m ≡ 7 (mod 8), then the unary Hermitian lattice ǫ over o q provides the
Since the Hermitian lattice ǫ, ǫ ′ 2 r over o q provides the asso-
If m ≡ 1 (mod 4), let k = 2ℓ + r for some ℓ ∈ Z and r = 0, 1. Then λ 4 ℓ (L q ) is isometric to ǫ, ǫ ′ 2 r . Since the Hermitian lattice ǫ, ǫ ′ 2 r over o q provides the associated quadratic lattice ǫ, ǫm,
Thus for all rational prime number p including 2, there is a nonnegative integer s such that λ p s (L) represents all elements of Z p . So there are primes p 1 , p 2 , · · · , p k and positive integers s 1 , s 2 
universal, which means L represents all elements of Z p for all prime p. Since L is regular, L is universal. From the works on binary universal Hermitian lattices [7] , [10] , [17] , we have the following proposition. 
Candidates of binary normal regular Hermitian lattices
In this section, we will find all candidates of binary normal regular Hermitian lattices over imaginary quadratic fields Q( √ −m). 
To find candidates of regular lattices with efficiency, we add a condition of volume vL of L as explained in the following lemma.
Lemma 3. Let L be a binary Hermitian lattice over the imaginary quadratic field Q( √ −m). Let p be a rational odd prime and p = p(p) be a prime ideal over p in the ring o of integers and let q be a dyadic prime ideal of o.
(1) If L p represents a unit in Z p over o p and does not represent p k ǫ for some nonnegative integer k, for some unit ǫ in Z p over o p , then
(2) If L q represents a unit in Z 2 over o q and does not represent 2 k ǫ for some nonnegative integer k, for some unit ǫ in
ℓ b for some units a, b ∈ Z 2 and for some integer ℓ.
We adopt some notations from Conway-Sloane [4] . The notation p d (resp. p e ) denotes an odd (resp. even) power of p; if p = 2, u k denotes a unit of form 8n + k(k = 1, 3, 5, 7) and if p is odd, u + (resp. u − ) denotes a unit which is a quadratic residue (resp. nonresidue) modulo p. Let for simplicity.
From now on, we assume L is a binary normal regular Hermitian lattice which is not universal over the imaginary quadratic field Q( √ −m). We begin with finding candidates of L with the information of L p , L q and the volume vL of L by following strategy: We assume that a is the minimum number such that a → gen L and b is the minimum number such that b → gen L and b → a . Then L contains a lattice ℓ = a α α b for some α ∈ o and also vℓ = (ab−αα)o ⊂ vL. We call these two numbers a and b essential numbers. If vℓ = vL, then ℓ is a candidate of L. If vℓ vL, then we do more escalation which satisfies volume and rank conditions. Because most of the finding process are routine, we will give tables instead of describing in detail except special cases. In the table, all lattices are Minkowski-reduced. When we show that a binary Hermitian lattice L is not regular, we will give an integer n such that n → gen L but n → L. This number is called the exceptional number of L.
Since L is not universal, L cannot represent all elements of Z 2 and Z 3 . According to the representability of u 1 , u 3 over Z 2 and 3u + over Z 3 , we have five cases (See Table 1 ).
According to the representability of u 1 , u 5 over Z 2 and 5u + over Z 5 , we have five cases (See Table 2 ). Table 1 . escalation when m = 1 Table 2 . escalation when m = 2 So 3u + → L over Z 3 . From the above conditions, 1, 5 → L and vL ⊂ 3 2 o. But no lattice satisfies the volume condition.
According to the representability of 2u 1 over Z 2 and u + , u − over Z 3 , we have five cases (See Table 3 ).
According to the representability of u 1 , u 3 over Z 2 and u + , u − over Z 5 , we have eight cases (See Table 4 ). Since the ring o of integers is not a PID, we should also consider nonfree lattices. Table 3 . escalation when m = 3 For the case (2-1), after second escalation, L ∼ = 2 1 1 3 or L contains a unary unimodular lattice 2
paring volume of L. Similarly, we can get candidates for the cases (2-2), (6-1), (6-2) and (8-1).
For the cases (4-1), (5-1), (7-2) and (8-2), u + , u − → λ 5 k (L) over Z 5 for some k by Lemma 1. Since λ 5 k (L) cannot be regular by the case (3-1) or (6-2), L cannot be regular.
For the case (7-1), after second escalation, L ∼ = 4 2 2 6 or L contains a unary
The first lattice is not primitive and it is not in our consideration. In the second case, since 11 → L and 11
According to the representability of u 1 , u 3 over Z 2 and u + , u − over Z 3 , we have eight cases (See Table 5 ). Since the ring o of integers is not a PID, we should also consider nonfree lattices.
For the case (2-2), after second escalation, L ∼ = 2 0 0 3 or L contains 2 ω ω 3
by the volume condition. For the second case, note that 6 → L and 6 → 2 ω ω 3 . Table 5 . escalation when m = 6
Since
For the case (4), (5), (7) and (8)
According to the representability of u + , u − over Z 7 , we have two cases (See Table  6 ). Table 6 . escalation when m = 7
Case II [m = 10] Note that
According to the representability of u 1 , u 5 over Z 2 and u + , u − over Z 7 , we have eight cases (See Table 7 ). Since the ring o of integers is not a PID, we should also consider nonfree lattices.
For the case (6), L contains a unimodular sublattice 2 ω ω 5 which splits L.
Since 6 → L and 6 → 2 ω ω 5 , L contains 2 ω ω 5 ⊥ a with a ≤ 6. But this lattice cannot have the volume contained in 8o. So we have no candidates. Table 7 . escalation when m = 10
According to the representability of 2u 1 over Z 2 and u + , u − over Z 7 , we have five cases (See Table 8 ). [7, 2ω, 8] 11 Table 8 . escalation when m = 11
According to the representability of u + , u − over Z 5 and u + , u − over Z 7 , we have eight cases (See Table 9 ). For the case (1), L ∼ = 1, 5 or L contains 1, 10 . Since 5 is an exceptional number of 1, 10 , L contains a lattice 1 ⊥ 10 α α 5β with 50β − αα = 0 and α, 
According to the representability of 2u 1 over Z 2 and u + , u − over Z 19 , we have two cases (See Table 10 ). 
According to the representability of u + , u − over Z 23 , we have two cases (See Table  11 ). Table 11 . escalation when m = 23
According to the representability of u + , u − over Z 31 , we have two cases (See Table  12 ). Table 12 . escalation when m = 31
Complete list of binary regular Hermitian lattices
In this section, we will prove the regularity of each candidate. If its class number is one, then it is trivially regular. We know that the class numbers of following lattices are one and hence they are regular. Some diagonal lattices are checked by [20] , and the other nondiagonal lattices are checked by authors via comparing discriminants and local properties.
field class number one lattices
Now, we prove all the surviving candidates are actually regular. Most of proofs are using a ternary regular sublattice whose class number one. Whereas in the the proof of Case II [m = 7] (2), we give an efficient bound for the numbers represented by a specific quaternary quadratic form. This new arithmetic method uses ternary quadratic forms which are not regular.
(1) L = 1, 8 is regular over Q( √ −1). [12] , which represents all positive integers n ≡ 1 (mod 4), L represents all positive integers n ≡ 1 (mod 4). Therefore L is regular.
Proof. Note that
(1) L = 1, 8 is regular over Q( √ −2).
Since 2, 8 = 2 1, 4 is a sublattice of L and 1, 4 is universal [7] , n → L for all n ≡ 0 (mod 2). On the other hand, the associated quadratic form of L is xx + 8yy = x 
Since 4, 16 = 4 1, 4 is a sublattice of L and 1, 4 is universal [7] , n → L for all n ≡ 0 (mod 4). On the other hand, the associated quadratic form of L is xx + 8yy = x [12] , which represents all positive integers n ≡ 1, 3 (mod 8), n ≡ 2, 6 (mod 16) or n ≡ 4, 12 (mod 32) , these n are all represented by L. Therefore L is regular.
Consider a universal lattice 1, 4 with basis
. We know that L is a sublattice 1, 4 with basis has a solution for some x = x 1 + ωx 2 , y = y 1 + ωy 2 ∈ o. Since n ≡ 5, 7 (mod 8),
. So x 1 − y 1 is even and multiple of ω. We deduce that
and hence n → L. Therefore L is regular.
Since 3, 9 = 3 1, 3 is a sublattice of L, if n → 1, 3 , then 3n → 3, 9 and hence 3n → L. From Case II [m = 3] (1), we know that 1, 3 is regular, which represents all positive integers n such that n ≡ 0, 1 (mod 3). Hence L represents all positive integers n such that n ≡ 0, 3 (mod 9). On the other hand, the associated quadratic lattice of L is [12] , which represents all positive integers n ≡ 1 (mod 3), these n are all represented by L. Therefore L is regular.
(2) L = 1, 12 is regular over Q( √ −3). (5), (6)). Since L contains sublattices 4, 36 = 4 1, 9 and 3, 36 = 3 1, 12 , L represents all positive integers n such that n ≡ 0 (mod 4) and n ≡ 0, 1 (mod 3), or n ≡ 0 (mod 3) and n ≡ 1 (mod 2). So it suffices to show that L represents all positive integers n such that n is odd and n ≡ 1 (mod 3). The associated quadratic lattice of L is
, and it contains a sublattice isometric to 1, 3, 36, 108 Z = 1 Z ⊥ 3 1, 12, 36 Z . Since 1, 12, 36 Z is regular [12] , 3 1, 12, 36 Z = 3, 36, 108 Z represents all positive integer n ≡ 3, 12 (mod 36). If n ≡ 1 (mod 12) and n ≥ 49, then n − a 2 ≡ 12 (mod 36) for a = 1, 5, 7 and hence L represents n. If n ≡ 7 (mod 12) and n ≥ 64, then n − a 2 ≡ 3 (mod 36) for a = 2, 4, 8 and hence L represents n. It is an easy work to check n → L for 1, 7, 13, 19, 25, 31, 37, 43, 49, 55. Therefore L is regular.
Since 4, 8 = 4 1, 2 is a sublattice of L and 1, 2 is universal [10] , n → L for all n ≡ 0 (mod 4). On the other hand, the associated quadratic lattice of L is xx + 8yy = x [12] , which represents all positive integers n ≡ 1 (mod 4) or n ≡ 6 (mod 8), these all n are represented by L. Therefore L is regular.
(2) L = 1, 10 is regular over Q( √ −5).
Since 5, 10 = 5 1, 2 is a sublattice of L and 1, 2 is universal [10] , n → L for all n ≡ 0 (mod 5). On the other hand, the associated quadratic lattice of L is xx + 10yy = x [12] , which represents all positive integers n ≡ 1, 4 (mod 5), n → L for all positive integers n ≡ 1, 4 (mod 5). Therefore L is regular. [12] , which represents all positive integers n ≡ 1, 5, 6 (mod 8) and n ≡ 1, 4 (mod 5), these n are represented by L. Therefore L is regular.
The associated quadratic lattice of L is Note that it contains regular sublattices ℓ 1 = 2x [12] . The lattice ℓ 1 represents all positive integers n if n ≡ 0, 2, 3 (mod 4) and n = 5 d u + . The lattice ℓ 2 represents all positive integers n if n ≡ 0, 2, 3 (mod 4) and n = 5 e u + . Hence n → L if n ≡ 0 (mod 2) or n ≡ 3 (mod 4). Therefore L is regular. [12] , which represents all positive integers n ≡ 2, 3 (mod 5), n → L for all positive integers n ≡ 2, 3 (mod 5). Therefore L is regular.
The associated quadratic lattice L of L is (1) L = 1, 3 is regular over Q( √ −6).
The associated quadratic lattice of L is xx + 3yy = x 
is a sublattice of L and 1 ⊥ 2 ω ω 3 is universal [10] , L represents all positive integers n ≡ 0 (mod 3). Suppose n ≡ 2 (mod 3). Put n = n 1 + n 2 with n 1 → 1 and n 2 → 2 ω ω 3 . Then n 1 ≡ 0, 1 (mod 3) and n 2 ≡ 0, 2 (mod 3). We have n 1 ≡ 0 (mod 3) and n 2 ≡ 2 (mod 3) from n ≡ 2 (mod 3). Since n 1 → 1, 6 Z and n 1 ≡ 0 (mod 3), n 1 → 3 2, 3 Z . Note that 3 2, 3 Z is an associated quadratic form of 3 2 ω ω 3 . Therefore n = n 1 + n 2 → 3 2 ω ω 3 ⊥ 2 ω ω 3 and L is regular.
(1) L = 1, 7 is regular over Q( √ −7).
Since 7, 7 = 7 1, 1 is a sublattice of L and 1, 1 is universal [7] , n → L for all n ≡ 0 (mod 7). On the other hand, the associated quadratic lattice of L is [12] , which represents all positive integers n ≡ 1, 2, 4 (mod 7), n → L for all positive integers n ≡ 1, 2, 4 (mod 7). Therefore L is regular.
(2) L = 1, 14 is regular over Q( √ −7).
Since 7 1, 2 = 7, 14 is a sublattice of L and 1, 2 is universal [7] , n → L for all positive integers n ≡ 0 (mod 7). So we may assume n is not a multiple of 7 throughout this proof. Let L be the associated quadratic lattice of L, then (i) n ≡ 0 (mod 2): Consider an integral ternary lattice K = 2 Z ⊥ 2 1 1 4 Z whose class number is one [1] . It represents all positive even integers not divisible by 7. Note that L has a sublattice 2, 14 Z ⊥ 14 7
from the following identities.
(ii) n ≡ 1 (mod 4): Consider an integral ternary lattice N = 1 Z ⊥ 2 1 1 4 Z . We know that the class number of N is two [1] and gen N represents all positive integers not divisible by 7. Since N 2 is isotropic over Z 2 , N represents positive integers 4k not divisible by 7 [9] . Note that L has a sublattice 1, 7 Z ⊥ 14 7
the following identities.
We know that the class number of M is 5 [1] and gen M represents all positive integers not divisible by 7. Since M 2 is isotropic over Z 2 , M represents positive integers
Note that L has a sublattice 11, 77 Z ⊥ 14 7
There are a ∈ {1, 3, 5} and 0 ≤ b ≤ 4 3 − 1 such that n ≡ 11a 2 (mod 7) and n ≡ 11(a + 14b) 2 (mod 4 4 ).
. Then k and ℓ are positive integers if we assume that n ≥ 11(7 · 2 7 ) 2 = 8, 830, 976. Note that both k and ℓ are not divisible by 7. Thus n → 11 Z ⊥ M 7 .
We know that the class number of R is 9 and the genus of R consists of 9 lattices [1]
Let f Ri be the quadratic form corresponding to R i . Then f R (x, y, z) = 2x 2 + 2xy + 4y 2 + 23z 2 . Note that gen R represents all positive integers not divisible by 7. If 7 ∤ k, then 4 7 k → R from the following identities:
f R (16y + 32z, 10x + 7y − 20z, 4x − 2y + 8z) = 4 4 f R6 (x, y, z), f R (16x − 16y + 64z, 7x + 33y − 40z, −2x + 18y + 16z) = 4 5 f R7 (x, y, z), f R (48x − 64y − 32z, −47x − 28y + 66z, 18x + 8y + 36z) = 4 6 f R8 (x, y, z),
There are a ∈ {1, 3, 5} and 0 ≤ b ≤ 4 6 − 1 = 4095 such that n ≡ 23a 2 (mod 7) and n ≡ 23(a + 14b) 2 (mod 4 7 ).
. Then k and ℓ are positive integers if we assume that n ≥ 23(7 · 2 14 ) 2 = 302, 526, 758, 912. Note that both k and ℓ are not divisible by 7. Thus n → 23 Z ⊥ R 7 .
We checked over n represented by L for all n ≤ 302, 526, 758, 912 by computer calculation. Therefore L is regular.
(1) L = 1, 5 is regular over Q( √ −10).
The associated quadratic lattice is xx + 5yy = x [12] , which represents all positive integers except n = 5 e u − . Now suppose n = 5 2 (5k + 2) or n = 5 2 (5k + 3), for some integer k. Since n − 50 · 1 2 or n − 50 · 2 2 is represented by ℓ, hence n → L when n ≥ 50 · 2 2 . It is an easy work to check n → L for n < 50 · 2 2 . Therefore L is regular.
(1) L = 1, 4 is regular over Q( √ −11).
H(gen L) = {n ∈ N 0 | n ≡ 1 (mod 2) or n ≡ 0 (mod 4)}.
Since L contains 4 1, 1 = 4, 4 and 1, 1 is universal [7] , n → L for all positive integers n ≡ 0 (mod 4). Note that the associated quadratic lattice of L is xx + 4yy = x [12] and represents all positive integers n ≡ 1 (mod 2) and n = 11 d u + , these n are represented by L. Suppose n ≡ 1 (mod 2) and n = 11 d u + . Since n/11 → L, n → L. Therefore L is regular.
(2) L = 1, 11 is regular over Q( √ −11).
H(gen L) = {n ∈ N 0 | n ≡ 0, 1, 3, 4, 5, 9 (mod 11)}.
Since L contains 11 1, 1 = 11, 11 and 1, 1 is universal [7] , n → L for all positive integers n ≡ 0 (mod 11 [12] and represents all positive integers n ≡ 1, 3, 4, 5, 9 (mod 11), L represents these all integers. Therefore L is regular.
(3) L = 1, 44 is regular over Q( √ −11).
H(gen L) ={n ∈ N 0 | n ≡ 1 (mod 2) or n ≡ 0 (mod 4)} ∩ {n ∈ N 0 | n ≡ 0, 1, 3, 4, 5, 9 (mod 11)}.
The associated quadratic lattice of L is (1) L = 1, 3 is regular over Q( √ −15).
H(gen L) = {n ∈ N 0 | n ≡ 0, 1 (mod 3)}.
Since 3 1 ⊥ 2 ω ω 2 is a sublattice of L and 1 ⊥ 2 ω ω 2 is universal [10] , n → L for all positive integers n ≡ 0 (mod 3). Suppose n ≡ 1 (mod 3). Then n → 1 ⊥ 2 ω ω 2 by universality. If n = n 1 + n 2 such that n 1 → 1 and n 2 → 2 ω ω 2 , then we have n 1 ≡ 1 (mod 3) and n 2 ≡ 0 (mod 3), because 1 represents n 1 ≡ 0, 1 (mod 3) and 2 ω ω 2 represents n 2 ≡ 0, 2 (mod 3). Since n 2 = 2x 
